We present the numbers of ice model and eight-vertex model configurations (with Boltzmann factors equal to one), I(n) and E(n) respectively, on the two-dimensional Sierpinski gasket SG(n) at stage n. For the eight-vertex model, the number of configurations is E(n) = 2 3(3 n +1)/2 and the entropy per site, defined as lim v→∞ ln E(n)/v where v is the number of vertices on SG(n), is exactly equal to ln 2. For the ice model, the upper and lower bounds for the entropy per site lim v→∞ ln I(n)/v are derived in terms of the results at a certain stage. As the difference between these bounds converges quickly to zero as the calculated stage increases, the numerical value of the entropy can be evaluated with more than a hundred significant figures accurate. The corresponding result of ice model on the generalized two-dimensional Sierpinski gasket SG b (n) with b = 3 is also obtained. For the generalized vertex model on SG 3 (n), the number of configurations is 2 (8×6 n +7)/5 and the entropy per site is equal to 8 7 ln 2. The general upper and lower bounds for the entropy per site for arbitrary b are conjectured.
Introduction
The ice model was introduced by Pauling to study the residual entropy of water ice [1] , and was solved exactly by Lieb on the square lattice [2, 3] . The eight-vertex model is a generalization of the ice-type (six-vertex) models [4, 5] and solved by Baxter for the zero-field case [6, 7] . On the triangular lattice, there are 20 vertex configurations for the ice rule [8] and the 32-vertex model was considered [9] . There is a correspondence between such model and the Ising model, while there are other related models, see, for example, [10] . It is of interest to consider the ice model and eight-vertex model on self-similar fractal lattices which have scaling invariance rather than translational invariance. Fractals are geometric structures of non-integer Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller length scales [11, 12] . A well-known example of fractal is the Sierpinski gasket which has been extensively studied in several contexts [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] . We shall derive the recursion relations for the numbers of ice model and eight-vertex model configurations with Boltzmann factors equal to one on the two-dimensional Sierpinski gasket, and determine the entropies. We shall also consider the number of ice model configurations on a generalized two-dimensional Sierpinski gasket.
Preliminaries
We first recall some relevant definitions in this section. A connected graph (without loops) G = (V, E) is defined by its vertex (site) and edge (bond) sets V and E [30, 31] . Let v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it. A k-regular graph is a graph with the property that each of its vertices has the same degree k. Let us consider a 4-regular graph first, and assign an orientation on each edge. For the ice model, the ice rule must be satisfied at every vertex. Namely, the number of arrows pointing inward at each vertex must be two and the number of arrows pointing outward is also two. There are six possible different configurations of arrows at each vertex. For the eightvertex model, the number of arrows pointing inward at each vertex must be an even number. There are now eight possible different configurations of arrows at each vertex, including the six configurations of the ice model plus sink (all four arrows pointing inward) and source (all four arrows pointing outward). For the vertex with degree six, the number of arrows pointing inward and the number of arrows pointing outward are both three. There are twenty different arrow configurations at such vertex. For the 32-vertex model, the number of arrows pointing inward at degree-6 vertex must be an odd number. The thirty-two different arrow configurations includes the twenty configurations of the ice model plus only one arrow (six possibility) pointing outward and only one arrow (six possibility) pointing inward. In general, one can associate an energy to the vertex for each configuration. All such Boltzmann weights are set to one throughout this paper.
Let us denote the total number of ice model configurations on a graph G as I(G) and that of eight-vertex model configurations as E(G). The entropy per site for the ice model is given by
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit. Similarly, the corresponding entropy per site for the eight-vertex model is denoted as S E,G . We will see that the limits S I,G and S E,G exist for the Sierpinski gasket considered in this paper. The construction of the two-dimensional Sierpinski gasket SG(n) at stage n is shown in Fig. 1 . At stage n = 0, it is an equilateral triangle; while stage n + 1 is obtained by the juxtaposition of three n-stage structures. The two-dimensional Sierpinski gaskets has fractal dimensionality D = ln 3/ ln 2 [14] , and the numbers of edges and vertices are given by
Except the 3 outmost vertices which have degree 2, all other vertices of SG(n) have degree 4.
In the large n limit, SG is 4-regular. Figure 1 : The first four stages n = 0, 1, 2, 3 of the two-dimensional Sierpinski gasket SG(n).
The two-dimensional Sierpinski gasket can be generalized, denoted as SG b (n), by introducing the side length b which is an integer larger or equal to two [32] . The generalized two-dimensional Sierpinski gasket at stage n + 1 is constructed with b layers of stage n structures. The two-dimensional SG b (n) with b = 3 at stage n = 1, 2 and b = 4 at stage n = 1 are illustrated in Fig. 2 . The ordinary two-dimensional Sierpinski gasket SG(n) corresponds to the b = 2 case, where the index b is neglected for simplicity. The Hausdorff dimension for SG b is given by D = ln b+1 2 / ln b [32] . Notice that SG b is not k-regular even in the thermodynamic limit. We shall use simplified notations I b (n) and E b (n) for the numbers of ice model and generalized vertex model configurations on SG b (n). 
The number of ice model configurations on SG(n)
Denote the number of ice model configurations on the two-dimensional Sierpinski gasket SG(n) as I(n). In this section we derive its entropy per site in detail. As the three outmost vertices of the Sierpinski gasket have degree two, they are exempt from the ice rule in the calculation of I(n). For the two edges connected to each of these outmost vertices, each of them can be directed either inward or outward independently. Let us define the quantities to be used.
as the number of ice model configurations such that one certain edge connected to an outmost vertex, say the topmost vertex in Fig. 3 , is directed inward and the other five edges connected to the outmost vertices are directed outward. (ii) Define pa b (n) as the number of ice model configurations such that the two edges of a certain outmost vertex, say the left one in Fig. 3 , are directed outward; the two edges of another certain outmost vertex, say the right one in Fig. 3 , are directed inward; only one of the edges of the third outmost vertex is directed inward and it is on the same side of the Sierpinski gasket as one of the edges of the second outmost vertex. (iii) Define pb b (n) as the numbers of ice model configurations such that the two edges of a certain outmost vertex, say the left one in Fig. 3 , are directed outward; the two edges of another certain outmost vertex, say the right one in Fig. 3 , are directed inward; only one of the edges of the third outmost vertex is directed outward and it is on the same side of the Sierpinski gasket as one of the edges of the second outmost vertex. (iv) Define pc b (n) as the numbers of ice model configurations such that all three outmost vertices have one edge directed inward and one edge directed outward, while two certain directed-inward edges are on the same side of the Sierpinski gasket, say the upper-right side in Fig. 3 . (v) Define pd b (n) as the number of ice model configurations such that all three outmost vertices have one edge directed inward and one edge directed outward, while all three directed-inward edges are on the different sides of the Sierpinski gasket with a certain direction, say clockwise in Fig. 3 . (vi) Define r b (n) as the number of ice model configurations such that one certain edge connected to an outmost vertex, say the topmost vertex in Fig. 3 , is directed outward and the other five edges connected to the outmost vertices are directed inward.
Since we only consider ordinary Sierpinski gasket in this and next sections, we shall use the notations g(n), pa(n), pb(n), pc(n), pd(n), and r(n) for simplicity. They are illustrated in Fig. 3 , where only the outmost vertices and the directions of the edges connected to them are shown. In principle, the edges of the three outmost vertices have other possible directions as illustrated in Fig. 4 , but they do not appear in our consideration as discuss below. Because of rotational and reflection symmetries, g(n), pa(n), pb(n), pc(n) and r(n) have multiplicity six, while pd(n) have multiplicity two. It is clear that the initial values at stage zero are g(0) = pa(0) = pc(0) = r(0) = 0 and pb(0) = pd(0) = 1. For the purpose of obtaining the asymptotic behavior of I(n) in this section, g(n) and r(n) are not needed such that
for non-negative integer n. The reason of missing g(n) and r(n) is due to their zero value at stage zero. For example, g(n + 1) may contain a term like g(n)pb 2 (n) in its recursion relations, but all such terms are equal to zero since g(0) = 0. However, g(n) and r(n) are nonzero for n > 0 in the next section for the eight-vertex model. Now the four quantities pa(n), pb(n), pc(n) and pd(n) satisfy recursion relations. Figure 3 : Illustration for the configurations g(n), pa(n), pb(n), pc(n), pd(n), and r(n). Only the three outmost vertices and the directions of the edges connected to them are shown explicitly. Figure 4 : Illustration for other possible edge directions which are not used here. Out of the six edges connected to the three outmost vertices, f (n) has all of them directed outward; ha(n), hb(n), hc(n), hd(n) have four of them directed outward; qa(n), qb(n), qc(n), qd(n) have four of them directed inward; s(n) has all of them directed inward.
Lemma 3.1. For any non-negative integer n,
Proof The Sierpinski gaskets SG(n + 1) is composed of three SG(n) with three pairs of vertices identified. At these identified vertices, the ice rule should be satisfied. As illustrated in Fig. 5 , the number pa(n + 1) consists of two cases. For the first case, the top SG(n) is always counted by pa(n). The identified vertex of the lower two SG(n)'s has four possible configurations such that for each of these SG(n)'s one edge is directed inward and the other edge is outward as represented by a big circle in Fig. 5 . They are counted by pa(n)[pa(n) + pb(n)] 2 . One may wonder why the other two possible configurations satisfying the ice rule are missing. If the two edges of the left SG(n) are directed outward and the two edges of the right SG(n) are directed inward, then the left SG(n) is counted by ha(n) and the right SG(n) is counted by qa(n). However, such terms have no contributions because ha(n), qa(n) are always zero for any n by the same reason discussed earlier. For the second case, the directions of the edges of the bottom identified vertex is fixed as shown in Fig. 5 . There are four possible configurations for the upper-left identified vertex multiplying four possible configurations for the upper-right identified vertex, and they are counted by [pa(n) + pb(n)]
2 [3pc(n) + pd(n)]. Eq. (5) is verified by combining the results of these two cases.
The number pb(n + 1) is almost the same as pa(n + 1) except that the two edges of the topmost vertex change directions. It follows that the top SG(n) is always counted by pb(n) Figure 5 : Illustration for the expression of pa(n + 1). The representation of a big circle at an identified vertex corresponds to four possible configurations such that for each SG(n) one edge is directed inward and the other edge is outward.
for the first case, while the results for the second case remain the same, so that Eq. (6) is verified.
As illustrated in Fig. 6 , the number pc(n + 1) consists of three cases. For the first case, the directions of the edges of the three identified vertices are fixed and the number is counted by pa 2 (n)pb(n). Reversing the directions of the edges of the three identified vertices in the first case gives the second case, which is counted by pb 2 (n)pa(n). Finally for the third case, each of the three identified vertex has four possible configurations such that for each related SG(n) one edge is directed inward and the other is outward. This number if counted by [3pc(n) + pd(n)] 3 , and Eq. (7) is verified. Figure 6 : Illustration for the expression of pc(n + 1).
The number pd(n + 1) is almost the same as pc(n + 1) except that the two edges of the topmost vertex change directions. It follows that the first case is counted by pa 3 (n), the second case is counted by pb 3 (n), while the results for the third case remain the same, so that Eq. (8) is verified.
The values of pa(n), pb(n), pc(n), pd(n), I(n) for small n can be evaluated recursively by Eqs. (5)- (8) as listed in Table 1 . These numbers grow exponentially, and do not have simple integer factorizations. To estimate the value of the entropy defined in Eq. (1), we need the following lemmas. Table 1 : The first few values of pa(n), pb(n), pc(n), pd(n), I(n)
Let us use the notations α(n) = pa(n)/pb(n), β(n) = pd(n)/pc(n) and γ(n) = pb(n)/pc(n) for n ≥ 1.
Lemma 3.2. α(n) ∈ (0, 1) and β(n) > 1 for any positive integer n. Furthermore,
for n ≥ 1, such that the sequence α(n) increases to one, β(n) decreases to one, and γ(n) decreases to zero as n increases.
Proof By Eqs. (5) and (6), we have
and pa(n) < pb(n) is established by mathematical induction hypothesis α(n) ∈ (0, 1) and the initial value α(1) = 1/2. By Eqs. (7) and (8), we have
so that β(n) > 1 for all n ≥ 1. Next using the fact that pa(n) < pb(n) and pc(n) < pd(n), we have
and
such that
Finial, by Eqs. (6) and (7), we have
so that
By Eqs. (14), (16) and (18), we have
With α(1) = 1/2, β(1) = 2 and γ(1) = 2, it is easy to see that α(n) increases to one, β(n) decreases to one and γ(n) decreases to zero as n increases.
In passing, we notice that 
where m is a positive integer.
Proof By Eq. (7) and Lemma 3.2, we have
for any m < n. Similarly by Eq. (8) and Lemma 3.2, we obtain
By Eqs. (3) and (4), we have
By the definition of the entropy in Eq. (1) and Lemma 3.2,
The proof is completed using the inequality (23) .
The difference between the upper and lower bounds for S I,SG quickly converges to zero as m increases, and we have the following proposition.
Proposition 3.1. The entropy per site for the number of ice model configurations on the two-dimensional Sierpinski gasket SG(n) in the large n limit is S I,SG = 0.515648810655....
The numerical value of S I,SG can be calculated with more than a hundred significant figures accurate when m in Eq. (20) is equal to eight. It is too lengthy to be included here and is available from the authors on request. As the square lattice (sq) also has degree 4, it is interesting to compare our result with Lieb's on the square lattice [2, 3] , S I,sq = 
Proof By Eq. (7), we know
for any n ≥ 1. By Lemma 3.2, we have for any positive integers n > m ≥ 1
Using the formula a n = c 
for positive integers n > m ≥ 1.
Proof The number of ice model configurations can be rewritten as
then by Lemma 3.2,
It follows that 2 3(3 n + 1) 3 ln 2 + ln pc(n) < ln I(n) v(SG(n)) < 2 3(3 n + 1) 3 ln 2 + ln pc(n) + ln β(m) + 3 2 γ(m) . 
Using the inequality ln(1 + ǫ) < ǫ for any ǫ ∈ (0, 1), we obtain the improved upper bound
According to Lemma 3.2, it is clear that the upper bound converges to zero quickly as m increases.
The number of eight-vertex model configurations on SG(n)
In this section, we derive the number of eight-vertex model configurations, denoted as E(n), on SG(n) and the entropy per site. Now directions of the four edges of a vertex (except the three outmost vertices) are allowed to be all inward or all outward. The configurations g(n)
and r(n) shown in Fig. 3 are involved as their recursion relations contain nonzero terms such as pb 3 (n − 1). We have
for non-negative integer n. The recursion relations are lengthy and given in the appendix. As the initial values at stage zero are g(0) = pa(0) = pc(0) = r(0) = 0 and pb(0) = pd(0) = 1, it turns out that their values are the same for any n > 0:
We have the following proposition.
Proposition 4.1. The number of eight-vertex model configurations on the two-dimensional Sierpinski gasket SG(n) is E(n) = 2 3(3 n +1)/2 and the entropy per site in the large n limit is S E,SG = ln 2.
Compare again with the square lattice (sq). The special case of Baxter's result [7] with Boltzmann weights equal to one also gives S E,sq = ln 2. Namely, the entropies per site for the two-dimensional Sierpinski gasket and the square lattice are the same. 5 The number of ice model configurations on SG b (n) with b = 3
In this section, we consider the generalized two-dimensional Sierpinski gasket SG b (n) with the number of layers b equal to three. For SG 3 (n), the numbers of edges and vertices are given by e(SG 3 (n)) = 3 × 6 n ,
where the three outmost vertices have degree two. There are (6 n − 1)/5 vertices of SG 3 (n) with degree six and 6(6 n − 1)/5 vertices with degree four. For each of the vertices with degree six, we allows three edges directed inward and the other three directed outward, just like the consideration in 20-vertex triangular ice-rule problem [8] .
By Definition 3.1, the number of ice model configurations is I 3 (n) = 6pa 3 (n) + 6pb 3 (n) + 6pc 3 (n) + 2pd 3 (n). The initial values are the same as for SG: pa 3 (0) = pc 3 (0) = 0 and pb 3 (0) = pd 3 (0) = 1. Again, g 3 (n) and r 3 (n) are zero for any nonnegative n. The recursion relations are lengthy and given in the appendix. Some values of pa 3 (n), pb 3 (n), pc 3 (n), pd 3 (n), I 3 (n) are listed in Table 2 . These numbers grow exponentially, and do not have simple integer factorizations. By a similar argument as Lemma 3.3, the entropy for the number of ice model configurations on SG 3 (n) is bounded: 
where m is a positive integer. We have the following proposition. In this section, we derive the number of generalized vertex model configurations, denoted as E 3 (n), on SG 3 (n) and the entropy per site. For the vertices with degree four, the number of arrows pointing inward is even just like the eight-vertex model on the square lattice; while for the vertices with degree six, the number of arrows pointing inward is odd just like the 32-vertex model on the triangular lattice. The configurations g 3 (n) and r 3 (n) shown in Fig.  3 are again involved. We have
for non-negative integer n. The recursion relations are too lengthy to be included here. They are available from the authors on request. The initial values are the same as for SG: g 3 (0) = pa 3 (0) = pc 3 (0) = r 3 (0) = 0 and pb 3 (0) = pd 3 (0) = 1. It turns out that their values are again the same for any n > 0:
Proposition 6.1. The number of generalized vertex model configurations on the generalized two-dimensional Sierpinski gasket SG 3 (n) is E 3 (n) = 2 (8×6 n +7)/5 and the entropy per site in the large n limit is S E,SG 3 = 
Discussion of ice model configurations
For the generalized two-dimensional Sierpinski gasket SG b (n), the numbers of edges and vertices are given by
The bounds of the entropies for the ice model on SG(n) and SG 3 (n) given in sections 3 and 5 lead to the following conjecture for general SG b (n).
Conjecture 7.1. The entropy per site for the number of ice model configurations on the generalized two-dimensional Sierpinski gasket SG b is bounded:
However, to calculate pc b (m) and pd b (m) for general b may be difficult. We notice that S I,SG 3 is a bit larger than S I,SG . It is expected that the value of S I,SG b increases slightly as b increases for the generalized two-dimensional Sierpinski gasket. A Recursion relations for the eight-vertex model on SG(n)
We give the recursion relations for the eight-vertex model on the two-dimensional Sierpinski gasket SG(n) here. We will use the simplified notation g n+1 to denote g(n + 1) and similar notations for other quantities. For any non-negative integer n, we have
2 n pd n + 5g n pa 2 n + 5g n pb 2 n + 10g n pa n pb n +12g n pa n pc n + 4g n pa n pd n + 12g n pb n pc n + 4g n pb n pd n + 4g 2 n r n + pa 3 n + pb 3 n +3pa 2 n pb n + 3pa 2 n pc n + pa 2 n pd n + 3pb 2 n pa n + 3pb 2 n pc n + pb 2 n pd n + 6pa n pb n pc n +2pa n pb n pd n + 4g n pa n r n + 4g n pb n r n + pa 2 n r n + pb 2 n r n + 2pa n pb n r n ,
2 n pa n + 2g 2 n pb n + 3g n pa 2 n + 3g n pb 2 n + 6g n pa n pb n + 6g n pa n pc n + 2g n pa n pd n + 6g n pb n pc n +2g n pb n pd n + 4g 2 n r n + pa 3 n + pb 3 n + 3pa 2 n pb n + 3pa 2 n pc n + pa 2 n pd n + 3pb 2 n pa n + 3pb 2 n pc n +pb 2 n pd n + 6pa n pb n pc n + 2pa n pb n pd n + 8g n pa n r n + 8g n pb n r n + 12g n pc n r n + 4g n pd n r n +3pa 2 n r n + 3pb 2 n r n + 6pa n pb n r n + 6pa n pc n r n + 2pa n pd n r n + 6pb n pc n r n + 2pb n pd n r n +4g n r 2 n + 2pa n r 2 n + 2pb n r 2 n ,
2 n pa n + 3g 2 n pb n + 3g n pa 2 n + 3g n pb 2 n + 6g n pa n pb n + 3g 2 n r n + pa 2 n pc n + 6g n pa n r n + 6g n pb n r n + 3pa 2 n r n +3pb 2 n r n + 6pa n pb n r n + 3g n r 2 n + 3pa n r 2 n + 3pb n r 2 n + r 3 n ,
r n+1 = g n pa 2 n + g n pb 2 n + 2g n pa n pb n + pa 3 n + pb 3 n + 3pa 2 n pb n + 3pa 2 n pc n + pa 2 n pd n + 3pb 2 n pa n +3pb 2 n pc n + pb 2 n pd n + 6pa n pb n pc n + 2pa n pb n pd n + 4g n pa n r n + 4g n pb n r n + 5pa 2 n r n +5pb 2 n r n + 10pa n pb n r n + 12pa n pc n r n + 4pa n pd n r n + 12pb n pc n r n + 4pb n pd n r n +4g n r 2 n + 8pa n r 2 n + 8pb n r 2 n + 12pc n r 2 n + 4pd n r 2 n + 4r
B Recursion relations for the ice model on SG 3 (n)
We give the recursion relations for the ice model on the generalized two-dimensional Sierpinski gasket SG 3 (n) here. Since the subscript is b = 3 for all the quantities throughout this section, we will use the simplified notation pa n+1 to denote pa 3 (n + 1) and similar notations for other quantities. For any non-negative integer n, we have pa n+1 = 3pa 
pb n+1 = pa 4 n pb n pc n + 2pa 4 n pb n pd n + 36pa 4 n pc n pd n + 24pb 4 n pa n pc n +8pb 4 n pa n pd n + 36pb
